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Overview
Motivation: Free Choice (FC)

Aloni: Bilateral state-based modal logic (BSML) accounts for FC
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Overview

Motivation: Free Choice (FC)
Aloni: Bilateral state-based modal logic (BSML) accounts for FC

BSML is not expressively complete. The following extensions are:
BSMLY: BSML with the global (inquisitive) disjunction w
BSML®: BSML with an "emptiness’ operator @

BSML < BSML® < BSMLY = Modal Team Logic (MTL)

Natural deduction axiomatizations
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Free choice (FC) inference

You may have coffee or tea.

~You may have coffee and you may have tea.
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( # You may have both coffee and tea.)

A possible formalization:
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Free choice (FC) inference

You may have coffee or tea.

~You may have coffee and you may have tea.

( # You may have both coffee and tea.)

A possible formalization:

(1) O (pVip) > O
Problem:
op
S (pvaq) (1, classical modal logic)
Oq (2. 1)

References
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Bilateral State-based Modal Logic

Team semantics for modal logic

M=(W,R,V)
standard Kripke semantics state-based /team semantics
M, w = (]3 M? SkE QS
we W scW
Wp Wpq Wp Wpq
Wq w Wq W
Wp = P {Wpaqu}':P

References
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Bilateralism

“¢ is assertable in s” SE¢
“¢ is rejectable in s” s=¢
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Bilateralism

"¢ is assertable in s"

“¢ is rejectable in s”

SE®
s=¢
Bilateral negation
Sk - —
s=-¢ <~

s=¢
SE®

A 5760



Syntax of BSML:

¢u=p|-0[(¢rd)|(pVvP)| O P[NE
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Syntax of BSML:
¢u=pl=¢|(dnd)|(dVe)| O@|NE

Semantics (=)

sEp <~ VYwes:weV(p)

SkE ¢ <~ s=H¢

SEpAY <= skE¢andsEy

sEovYy < 3It,t':tut'=sandtE=¢andt' =1
sE O < Vwes:JtcR[w]:t+Pand tE=¢
SENE — Ss*g
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Tensor disjunction v
SEpVY <—

Jt,t’: tut'=s and
t=o and
t' =y

L
® @
(a) sEpva

(b) seEpvag
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The non-emptiness atom NE

SE NE

<~

S+J

o ® &
- @ @
(a) sE (pANE) V(g ANE)

(b) s ¥ (pANE) Vv (g ANE)
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The modality &

SEOP

R[w]={veW|wRv}

Vwes:ItcR[w]:t+@ and t = ¢
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The modality &

SEOP

R[w]={veW|wRv}

Vwes:ItcR[w]:t+@ and t = ¢
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The modality &

R[w]={veW|wRv}
sEOP < Vwes:JtcR[w]:t+gandtE¢
skE<Oq since
{we} € Rlwg]

{Wpq} € R[wp]
wbea ™ {wgl kg

oAt 11760



Syntax of BSML:
¢u=pl=¢|(dnd)|(dVe)| O@|NE
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NE represents lack of contradiction

Accounting for FC
The empty team @ supports contradictions such as p A -p
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Accounting for FC

The empty team @ supports contradictions such as p A —p
NE represents lack of contradiction

FC is caused by an intrusion of the pragmatic principle “avoid stating a contradiction”
(NE) into meaning composition:
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Accounting for FC

The empty team @ supports contradictions such as p A —p
NE represents lack of contradiction

FC is caused by an intrusion of the pragmatic principle “avoid stating a contradiction”
(NE) into meaning composition:

p_F = p ANNE

(-9)* = -~¢* ANE
CYSON = (" A7) ANE
(pvy)” = (" vyYT) ANE
(©o)* = O ¢t ANE
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You may have coffee or tea.

~You may have coffee and you may have tea.

(O(evi))" ECcAOL
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You may have coffee or tea.

~You may have coffee and you may have tea.

(O(evi))" ECcAOL
i.,e. O(((cANE)V (tANE)) ANE)ANE E OcAOE

iie. O((cANE)V (tANE)) = OcAOLE
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O ((eANE) V (EANE)) = Sendt

{w} = O((cANE) vV (tANE)) since
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O ((eANE) V (EANE)) = Sendt

"
®

{w} EO((cANE) V(tANE)) since {w.}E=cand {w} =t

= = = E E 9DACx 15/60



O ((eANE) V (EANE))

O cenot

=

{w} = O((cANE) vV (t ANE))

since

{wep = cand {w} =t
for the same reason, {w} = Gc A Ot

[m]

=
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BSMLY: BSML with the global disjunction w

SEOWY —

SsE¢porskEY
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BSMLY: BSML with the global disjunction w

SEQWY <= skE@porskEY
BSML®: BSML with the emptiness/circle operator @

SE= Q¢

—

SsEpors=0o
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BSMLY: BSML with the global disjunction w

SEQWY <= skE@porskEY
BSML®: BSML with the emptiness/circle operator @

SE Q¢

—

SsEpors=0o
For classical formulas « (no NE, W, @):

sEa <= Vwes:{wlkEa < VYwes:wEka
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Semantics (=)

sp <~ VYwes:w¢V(p)

s=-¢ <~ sk

s=H¢AY <= It t':tut'=sandt=¢pandt =7
sH¢vy < s=H¢ands=

sHowyYy <= s=H¢ands=HyY

s= O «~— Vwes:R[w]=H¢

S = NE — s=0

s = 0¢ <~ s=H¢
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Semantics (=)

sp <~ VYwes:w¢V(p)

s=-¢ <~ sk

s=H¢AY <= It t':tut'=sandt=¢pandt =7
sH¢vy < s=H¢ands=

sHowyYy <= s=H¢ands=HyY

s= O «~— Vwes:R[w]=H¢

S = NE — s=0

s = 0¢ <~ s=H¢

D::—|<>—|
sEOp < Vwes: R[w]kE ¢
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Semantics ()

s=p
s = -¢
sHOAY
s=HoVvy
s=Howy
s= 09
S 3 NE
s=H Q¢

repeeeny

D::—|<>—|
sEOp < Vwes: R[w]E ¢

Vwes:w¢ V(p)

SkE¢

Jt,t':tut'=sand t= ¢ and t' 57
s=¢and s

s ¢ands=Y

Vwes:R[w]=¢

s=g

s=¢

-« behaves classically when « is classical

——p =9 (V) =-pA—y
SNE=pA-p  —(PAY)=-dv 1)
—~Q9p=-9¢ =(pwp) =-pA-p
S0 ¢ =0-¢

References
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You may not have coffee or tea.

~ You may not have coffee and you may not have tea

-O(cvt) > (=0 cA=Ot)

At 18/60




You may not have coffee or tea.

~ You may not have coffee and you may not have tea

-O(cvt) > (=0 cA=Ot)
In BSML: (=& (bve)) =G ba-d e

At 18/60




For classical a: a = @(«a ANE)

Using @ we can define a function which cancels pragmatic enrichment:

p = op

NE = @ NE
(=¢)” = 2 -9
(pneh)” = Q¢ AP~
(Ppve)” = Q¢ voy~
(Co)” = QP

For classical a: (a*)” =«

u]
&)
1
n
it
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Closure properties

¢ is downward closed- [M;s=¢and tcs] = M,tE=¢

¢ is union closed: (M,;se¢forallseS+g] = M,|JSE¢
¢ has the empty team property: M, &= ¢ for all M

¢ is flat: MskE¢ — M {w}kE¢forallwes

flat — downward closed & union closed & empty team property
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Classical formulas are flat

Formulas with NE may lack downward

closure and the empty team property:

{wp,wg} = (PANE)V(gANE)
{wq} # (PANE)V(qANE)

At 21/60
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Classical formulas are flat

Formulas with NE may lack downward Formulas with w may lack union
closure and the empty team property: closure:
Wpq Wpq
w w
{wp,wg} E (PANE)V(gANE) {wp} FE pwvgq
{wq} # (pPANE)V(qANE) {wq} = pwgq

{wp,wg} H# pwg

References
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The modal dependence logic modalities ¢ and @

t is a successor team of s

sRt : <= tc R[s] and Rw]nt+gforall wes
R[s]={ve W |3wes:wRv}
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The modal dependence logic modalities & and @

t is a successor team of s

sRt : <= tc R[s] and Rw]nt+gforall wes
R[s]={ve W |3wes:wRv}

SE®Q dt:sRt and t = ¢
SE= B

Rls] ¢
SEOP
s kE=0¢

1]

11

Vwes:JtcR[w]:t=gand t+ @
Vwes:R[w]kE ¢

At 22/60
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The modal dependence logic modalities & and @

t is a successor team of s
sRt <= tc R[s] and R[w]nt+gforall wes
R[s]={ve W |3wes:wRv}

SE ©P — Jt:sRt and t = ¢

skEBEQ — R[s]E¢

skE O — Vwes:ItcR[w]:t=¢and t+ 3
sk 0¢ — Vwes:R[w]E¢

If ¢ is downward closed, ©¢ = $¢ and B¢ = O¢
If ¢ is union closed and has the empty team property, C¢ = ©¢ and O¢ = B¢

If ¢ is flat, OGP = ©¢ and O¢p = B¢ 22/60



Aloni’s free choice explanation does not work with <:

sRs and s = (p ANE) v (g A NE)
Therefore s = ©((p ANE) vV (g ANE))
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Aloni's free choice explanation does not work with ¢:

sRs and s = (p ANE) v (g A NE)
Therefore s = &((p ANE) v (g ANE))

s is the the only successor team of s and s p
Therefore s = ©p so @((PANE) V (QANE)) - &p A ©q

References
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Fix a finite set of proposition symbols ®

Pointed team model: (M,s) where M is a model over ®; s is a team on M
Team property: set of pointed team models

[0ll:={(M,s) | M,s = ¢}
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Expressive Power

BSML® axiomatization BSML axiomatization
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Fix a finite set of proposition symbols ®

Pointed team model: (M,s) where M is a model over ®; s is a team on M
Team property: set of pointed team models

[0ll:={(M,s) | M,s = ¢}

{lloll | € BSML™}

{property P | P is invariant under team k-bisimulation for some k € N}
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Team bisimulation:
s s =
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Team bisimulation:
s s =

forth: Vwes:3w' es’ :w e, w'

% 25760



Team bisimulation:
s s =

forth: Vwes:qw' es’ :w e, w'

back: Vw' es :Iwes:w e, w

% 25760



Team bisimulation:
s s =

forth: Vwes:qw' es’ :w e, w'

back: Vw' es :Iwes:we,w

ses i VkeN:se s

% 25760
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Team bisimulation: r - T
7
A A
seps = w1 W2 <----pF W 2

forth: Ywes:3w' es’ :w e, w'
back: Vw' es’ :Iwes:w e, w
w3 Wa ---- Wé W‘{

!

ses i VkeN:se, s

Theorem (bisimulation invariance)

sey s

I

ses’
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Property P is invariant under team k-bisimulation:

[((M,s)ePand M;se, M' s'] = (M',s')eP

{ll¢ll | ¢ € BSML™}

{property P | P is invariant under team k-bisimulation for some k € N}
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Characteristic formulas for worlds
(Hintikka formulas):
0 .
XM,W =

NplweV(p)yaAN{-plwe¢V(p)) (ped)
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Characteristic formulas for worlds
(Hintikka formulas):
0 .
XM,W :

NplweV(p)}aN{-plw¢V(p)} (ped)
Xiw =

k
XM,W N

A Oxmurt V Xy
veR[w]

veR[w]
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NplweV(p)}aN{-plw¢V(p)} (ped)
Xiw =

k k k
XM,w N /\ % XM, v A \/ XM,v
veR[w] veR[w]

W'|=XIV‘V = wew

Characteristic formulas for worlds
(Hintikka formulas):
0 .
XM,W :
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Characteristic formulas for worlds
(Hintikka formulas):

Xw = AplweVE)aA-plwéV(p)l (ped)
X = Xhwr A OxmerD VX

veR[w] veR[w]

w et —= wew

Characteristic formulas for teams:

o, = 1 ifs=@g (L:=pA-p)
ok .- \ (v -
Ms = Xmw ANE) ifs#g
wes

References
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Characteristic formulas for worlds
(Hintikka formulas):

Xw = AplweVE)aA-plwéV(p)l (ped)
X = Xhwr A OxmerD VX

veR[w] veR[w]

w et —= wew

Characteristic formulas for teams:

o, = 1 ifs=@g (L:=pA-p)
ok .- \ (v -
Ms = Xmw ANE) ifs#g
wes

SEOF «—= s

References

27/60



SI':eg :)Sﬂksl

DAt 28/60



Preliminaries Expressive power BSMLY axiomatization BSML® axiomatization BSML axiomatization References

0000000000000 000000000 00008000000 0000000000000 0000 00000000
k _ k ! k /
©: =\ (x., ANE) SEOS & se;s
WES
Case l: s=g.

Then ©X = | and

se,s = =g < = 1.
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©: =\ (x,, ANE) SEOS & se;s
WES
Case l: s=g.

Then ©X = | and

sﬁks’ — §'=0 — s = 1.
Case 2: s+ @.

—

Let wes. Let w'es’ best. we,w'.
Then w' = x&

so {w'} E x% and {w'} & xX A NE.

SoVwes:IHw'}cs' : {w'} = xk ANE.
And V{w'} cs':Fwes: {w'} = xK ANE.
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©: =\ (x,, ANE) SEOS & se;s
WES
Case l: s=g.

Then ©X = | and

sﬁks’ — §'=0 — s = 1.
Case 2: s+ @.

—

Let wes. Let w'es’ best. we,w'.
Then w' = x&

so {w'} E x% and {w'} & xX A NE.

SoVwes:IHw'}cs' : {w'} = xk ANE.

And V{w'} cs':Fwes: {w'} = xK ANE.
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Expressive power
O000®000000

Preliminaries
0000000000000000000000

0% = \/ (xk AnE)

wes

BSMLY axiomatization
0000000000000

BSML axiomatization
00000000

BSML® axiomatization
0000

s’l:e;( > se s

References

Case l: s=g.
Then ©X = | and

sﬁks’ — §'=0 — s = 1.

Case 2: s+ @.

—

Let wes. Let w' es’ best. wey, w'.
Then w' = x&

so {w'} E x% and {w'} & xX A NE.

SoVwes:IHw'}cs' : {w'} = xk ANE.

And V{w'} cs':Fwes: {w'} = xK ANE.
Therefore s’ = V (XX ANE), i.e. s’ = Ok
wes

-0
s' = ©F implies there are s/, ¢ s’ (Yw € s) s.t.
s! = XX ANE and " = Uyes S, -
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Of = \/ (x& AnE) SEOF — se ¢
WESs
Case l: s=g. _—
k T
Then ©5 =1 and s' = ©F implies there are s/, ¢ s’ (Yw € s) s.t.
!/ I _ / / k ! /
SeS & s =0 < s L Sw = Xw ANE and s" = Uyes Sy, -
Case 2: s+ &. Want to show:
Vw' es' :Iwes:w e, w
. / /. /
p— Vwes:Iw' es' :w e, w'.

Let wes. Let w' es’ best. wey, w'.
Then w' = x&
so {w'} E x% and {w'} & xX A NE.

SoVwes:IHw'}cs' : {w'} = xk ANE.

And V{w'} cs':Fwes: {w'} = xK ANE.

Therefore s’ = V (XX ANE), i.e. s’ = Ok
wes
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0% = \/ (xk AnE)

wes

s’l:eé( > se s

References

Case l: s=g.
Then ©X = | and

sﬁks’ — §'=0 — s = 1.
Case 2: s+ @.

—
Let wes. Let w' es’ best. wey, w'.
Then w' = x&

so {w'} E x% and {w'} & xX A NE.

SoVwes:IHw'}cs' : {w'} = xk ANE.

And V{w'} cs':Fwes: {w'} = xK ANE.

Therefore s’ = V (XX ANE), i.e. s’ = Ok
wes

-0
s' = ©F implies there are s/, ¢ s’ (Yw € s) s.t.
s! = XX ANE and " = Uyes S, -

Want to show:
Vw' es' :dwes:we,w
Vwes:Iw' es' :we,w.

Let w’ € s’. Then for some w € s we have
w' es! .
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Characteristic formulas for properties
(disjunctive normal form):

for P invariant under k-bisimulation:

M,s'= ) O «— (M s)eP
(M,s)eP
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Characteristic formulas for properties
(disjunctive normal form):

for P invariant under k-bisimulation:

M s'= ) Of — (M s)eP
(M,s)eP

BSML axiomatization References
00000000

{ll¢ll | ¢ € BSML™}

{property P | P is invariant under team k-bisimulation for some k € N}
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Property P is union closed:

{M,s;))|iel+a}cP = (M,Js;)cP

iel
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Property P is union closed:

{M,s;))|iel+a}cP = (M,Js;)cP

iel

Property P has the empty team property:

(M,s)e P = (M,2)eP
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Property P is union closed:
{(M,S,‘) ’ jel+ @} cCP — (M,US,‘) cP
iel
Property P has the empty team property:

(M;s)e P = (M,2)eP

{llll| ¢ € BSML®}

References

U:= {P | P is union closed and invariant under k-bisimulation for some k € N}
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BSML is union closed, but not expressively complete for

U ={P| P is union closed and invariant under k-bisimulation for some k € N}.
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BSML is union closed, but not expressively complete for
U ={P | P is union closed and invariant under k-bisimulation for some k € N}.

For ¢ € BSML: ¢ has the empty team property == ¢ is downward closed.
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BSML is union closed, but not expressively complete for
U ={P | P is union closed and invariant under k-bisimulation for some k € N}.

For ¢ € BSML: ¢ has the empty team property == ¢ is downward closed.

Consider ||(p ANE) v (-p ANE)||U||L]| € U.
Assume |[¢|| = ||(p ANE) v (=p ANE)|| for 1) € BSML.
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BSML is union closed, but not expressively complete for
U ={P | P is union closed and invariant under k-bisimulation for some k € N}.

For ¢ € BSML: ¢ has the empty team property == ¢ is downward closed.

Consider ||(p ANE) v (-p ANE)||U||L]| € U.
Assume |[¢|| = ||(p ANE) v (=p ANE)|| for 1) € BSML.
If {wp,w_p} = (PANE)V (-p ANE), then {wp, w_p} k= 1.
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BSML is union closed, but not expressively complete for
U ={P | P is union closed and invariant under k-bisimulation for some k € N}.

For ¢ € BSML: ¢ has the empty team property == ¢ is downward closed.

Consider ||(p ANE) v (-p ANE)||U||L]| € U.

Assume |[¢|| = ||(p ANE) v (=p ANE)|| for 1) € BSML.

If {wp,w_p} = (PANE)V (-pANE), then {wp, w_p} = 1.
By downward closure {w,} = 1.

{wp} €||(pANE) v (-p ANE)||U||L||, a contradiction.
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BSML is union closed, but not expressively complete for
U ={P | P is union closed and invariant under k-bisimulation for some k € N}.

For ¢ € BSML: ¢ has the empty team property == ¢ is downward closed.

Consider ||(p ANE) v (-p ANE)||U||L]| € U.

Assume |[¢|| = ||(p ANE) v (=p ANE)|| for 1) € BSML.

If {wp,w_p} = (PANE)V (-pANE), then {wp, w_p} = 1.
By downward closure {w,} = 1.

{wp} €||(pANE) v (-p ANE)||U||L||, a contradiction.

In BSML?: [[(p A NE) v (~p ANE)|| U l1]| = || @ ((p ANE) v (~p ANE))|
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s = @§ —
s' = 0Ok

s s
Re——

ses ors=g
Characteristic formulas for union-closed properties with the empty team property:

M s'= \/ 00F «— (M s)eP
(M,s)eP
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s s
Re——

se s ors=0
Characteristic formulas for union-closed properties with the empty team property:

M s'= \/ 00F «— (M s)eP
(M,s)eP
Characteristic formulas for union-closed properties without the empty team property:
M s'=( \/ 00 ANE < (M s')eP
(M,s)eP
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Characteristic formulas for union-closed properties with the empty team property:

M s'= \/ 00F «— (M s)eP
(M,s)eP

Characteristic formulas for union-closed properties without the empty team property:

M s'=( \/ 00ANE & (M s')eP
(M,s)eP

{ligll | ¢ € BSML®}

{P | P is union closed and invariant under k-bisimulation for some k € N}
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For P union-closed; with the empty team property; invariant under k-bisimulation:

M s'= \/ 00f «— (M ,s)eP
(M,s)eP

«—: Let (M',s") e P.

4
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For P union-closed; with the empty team property; invariant under k-bisimulation:

M s'= \/ 00f «— (M ,s)eP
(M,s)eP

«—: Let (M',s") e P.

s’ ©% so s’ = 0Ok,

4

33/60



Preliminaries Expressive power BSMLY axiomatization BSML® axiomatization BSML axiomatization References

0000000000000 000000000 00000000080 0000000000000 0000 00000000

For P union-closed; with the empty team property; invariant under k-bisimulation:

M s'= \/ 00f «— (M ,s)eP
(M,s)eP

«—: Let (M',s") e P.
s’ ©% so s’ = 0Ok,
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M s'= \/ 00f «— (M ,s)eP
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«—: Let (M',s") e P.
s’ ©% so s’ = 0Ok,
V(M,s)eP: @ = @Ok

s'=s"u@.
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For P union-closed; with the empty team property; invariant under k-bisimulation:

M s'= \/ 00f «— (M ,s)eP
(M,s)eP

«—: Let (M',s") e P.
s’ ©% so s’ = 0Ok,
V(M,s) e P: @ @Ok,
s'=s'ug.

Therefore
s’ V(M,s)ep ®9§.
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For P union-closed; with the empty team property; invariant under k-bisimulation:

M s'= \/ 00f «— (M ,s)eP
(M,s)eP
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«—: Let (M',s") e P.
s’ ©% so s’ = 0Ok,
V(M,s) e P: @ @Ok,
s'=s'ug.

Therefore
s" = V(m,s)ep @OF.
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Then s' =U T where
. . k
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Therefore
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«—: Let (M',s") e P.
Then s' =U T where
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VieT:t=@ or I(M;,s;) e P:t ey s,
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s'=s' ug. property.

Therefore
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For P union-closed; with the empty team property; invariant under k-bisimulation:

M s'= \/ 00f «— (M ,s)eP
(M,s)eP

=: Assume s’ = \/p scp @OF.
«—: Let (M',s") e P.
Then s' =U T where
s’ = 6% so s’ = 00k, VteT:t=g@or I(M,s) e P:t=Of
VieT:t=@ or I(M;,s;) e P:t ey s,

V(M,s) e P: @ = 0Ok
( ) If Vt : t = @, then s’ = @ € P by the empty team

s'=s' ug. property.

Otherwise let T' = {t € T | t #+ @} and consider
M={M;|teT'} and its team u=U{s; | te T'}.

Therefore
s’ V(M,s)ep ®9§.
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For P union-closed; with the empty team property; invariant under k-bisimulation:

M s'= \/ 00f «— (M ,s)eP
(M,s)eP

=: Assume s’ = \/p scp @OF.
«—: Let (M',s") e P.
Then s' =U T where
s’ = 6% so s’ = 00k, VteT:t=g@or I(M,s) e P:t=Of
VieT:t=@ or I(M;,s;) e P:t ey s,

V(M,s) e P: @ = 0Ok
( ) If Vt:t =@, then s' = & € P by the empty team  [J

s'=s' ug. property.

Otherwise let T' = {t € T | t #+ @} and consider
M={M;|teT'} and its team u=U{s; | te T'}.
(M, u) € P by invariance and union closure.

And s’ 2, uso s’ eP.

Therefore
s’ V(M,s)ep ®9§.
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{ll¢ll| € BSMLI}

{P| P is invariant under k-bisimulation for some k € N}

Characteristic formulas: \/ Ok
(M,s)eP

{lloll | ¢ ¢ BSMLE}

{P | P is union closed and invariant under k-bisimulation for some k € N}

Characteristic formulas: \/ @Ok ( 'V 005aNE
(M,s)eP (M,s)eP
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W . . -
BSML™ axiomatization
a and (. classical formulas (no NE or w).
Non-modal portion (adapted from the system for PT™):
- introduction - elimination
[a] D
Dy 2
D* [0 e
—=a ~1(x)
(*) The undischarged assumptions in D* do not contain NE.
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A introduction
Dy

A elimination
D D D
o LY. LY.
W introduction w elimination
D D ; [g] [g]
¢ P 1 2
owy ! owy VI OVE X X
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v weak introduction v weakening
D D
g I Feg
v weak elimination v weak substitution
[¢]  [¥] [¥]
D D; D} D Dy
OV X X UE(et) %—Xxmb(*)

(*) The undischarged assumptions in Di; D; do not contain NE.
(*#) ¥ may not contain NE.
(1) x may not contain W outside the scope of a <.
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VvV commutativity

V associativity
D D
oV Comv (Ov) v X Assv
Yvo v (¥vx)
Vv distributivity
D
oV (W x) Distr v w
(¢vip)w(oVx)
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1 Elimination
D
V1
¢ 1E
¢
l:=1ANE
1L elimination 1L contraction
D D
oL 1Lve
——LE 1L Ctr
¢ Y
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NE introduction

Twng NE/

VNE elimination

[4]
D

[¥]

[(@ANE) v (¥ ANE)]
D D, .
SV X XX y
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New rules for —:

—NE elimination Double - elimination
D D
—~NE -
T -NEE 3 DN
De Morgan 1 De Morgan 2 De Morgan 3
D D D
- A - \% - W
—(eAy) DM, —(evy) DM, (¢ W) DM,
—.g/)V—qp —.gb/\—.zp - A=
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Modal portion—nbasic rules:

< monotonicity O monotonicity

[4] [¢1].. - [¢n]

D’ D D’ Dl Dn
Y O P O ce O¢n
v O Mon(+) o

OMon(*)

<0 interaction

D

Inter & O

0=

(*) D' does not contain undischarged assumptions.
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New modal rules:

& W Vv conversion O W V conversion
D
<<>>Eb¢vw<>dl}b) Conv & wv

D
D(¢w )

WV
06 v O Conv O
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& separation

< join
D D D,
O(¢ v (¥ ANE)) Cp oY ,
o & Sep ooV ) & Join
O instantiation oo join
D Dy D,
0(¢ ANE) Op O ,
Y Olnst 006V D) 0 < Join
sECP «—= Vwes:JtcR[w]:t+gand tk=¢
SEOp < Vwes:R[w]kE ¢
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D
O(oVv (Y ANE))
o0 ©

@ @

sk O(pVv(gANE))
sEOgq

Sep

L/

sEOCP <= Vwes:JtcR[w]:t+gand tk=¢
sEOp «— Ywes: R[w]kE¢
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D Dy D
O(¢ v (Y ANE)) P oY ,
v OSep ooV ) O Join

o & -

L/

sk O(pv(gANE)) SEOPAOY
sEOq sEO(pVa)

sEOCP <= Vwes:JtcR[w]:t+gand tk=¢
sEOp «— Ywes: R[w]kE¢
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D Dy D,

Dy D>
O(¢ v (¥ ANE)) S oY , op oY .
v O Sep ooV D) & Join W o < Join

o &

I

ee 0@
L -

L/

sk O(pVv(gANE)) SEOPACY sEOpAOQ
sk <Oq sEO(pvQ) sEO(pvQq)
sEOCP <= Vwes:JtcR[w]:t+gand tk=¢

sEOp < Ywes: R[w]kE¢
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O ((@ANE) V (1 ANE)) —- O dAOY
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O ((¢ ANE) Vv () ANE)) - CPAOY FC
D
D(¢+¢NE) Olnst
Corresponds to (0¢)* & &

—"ought implies may” for pragmatically enriched formulas
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Completeness
Use the disjunctive normal form and a strategy developed in [7]:
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Completeness

Use the disjunctive normal form and a strategy developed in [7]:
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D Dy D> D Dy D>
¢ X X WY X X
% QE(*) % wE
(*) The occurrence at index m is not within the scope of
-or O,
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& elimination & W Vv conversion

[6(1/[@p,mD)]  [¢(¢/[@, m])]

y o % <>(¢>D D)
%
O X1 X2 G E(+) W Conv & wv

Ox1 VvV Ox2

(*) The occurrence at index m is not within the scope of a modality
which occurs in ¢, and not within the scope of - (except if the -

forms part of O).
D1, D, do not contain undischarged assumptions.
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& elimination

[6(1/[@p,mD)]  [¢(¢/[@, m])]

D Dl D2
O X1 X2
ISRES <>®E(>(-)
0o elimination
[o(L/[@p, m])] [o(/[@p, m])]
D Dl D2
0o X1 X2
Ox1 Vv Ox2 Do E(+)

(*) The occurrence at index m is not within the scope of a modality
which occurs in ¢, and not within the scope of - (except if the -

forms part of O).
D1, D, do not contain undischarged assumptions.
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Exclude w-rules and vNEE from BSMLY and add:

v
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Exclude w-rules and VNEE from BSMLY and add:
BSML BSMLY
LNE translation
NE
[¢(¢ A i/[w, m])] [<Z5(1/J A NE/[¢7 m])] introduction
D D1 D2
¢ X Y X NE Trs(*) |
LwNE VB
(*) The occurrence at index m is not within the scope of - or <.
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O LNE translation & WV conversion

[ A Lf[v,mD] [¢(¢ ANE/[¢, m])]

g % % <>(¢D V)
W
O9 X1 X2 OLINETrs(#) oV Y Conv & wv

Ox1VOxe2

(*) The occurrence at index m is not within the scope of a modality
which occurs in ¢, and not within the scope of - (except if the -

forms part of O).
D1, D, do not contain undischarged assumptions.
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O LNE translation

[ A Lf[v,mD] [¢(¢ ANE/[¢, m])]

D Dy D,
Oo X1 X2
T
XTIV Oxa OLINETrs(*)

OLNE translation

[ A L/[¥,mD] [¢(¢ ANE/[¢, m])]

D Dy D,
O¢ X1 X2
SR OLNE Trs(*)

(*) The occurrence at index m is not within the scope of a modality
which occurs in ¢, and not within the scope of - (except if the -

forms part of O).
D1, D, do not contain undischarged assumptions.
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Old rules in [7]/[2] which are derivable:

k. set of all non-equivalent @é over ®, where s; + @
NE = /K

BSML BSMLY

NE elimination W elimination

[6(05 /[NE, m])] [6(O5/[NE, m])] [¢]  [¥]
D D, D, D Dy D,

¢ X — X NBE(x) || WY Xx X E

(*) The occurrence at index m is not within the scope of - or
i keN; {Oy,...,0,,} =TX,
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BSML BSMLY
ONE elimination <O W Vv conversion
k k
[¢(Og,/[NE, m])] [¢(O,/[NE, m])]
y " o (¢D ¥)
O(ow
<>¢ X1 Xn ONEE(*) I — COHVO\WV

Vier OXi QP v O

ONE elimination 0w Vv conversion

[6(0% /[Ne, m])] [6(O, /[NE, m])]

’ o o v )
0¢ X1 . Xn Aggggggygggggg—(f owyVv
Vier OX; ONEE () ngvoy

(*) The occurrence at index m is not within the scope of a modality which occurs in ¢, and not

within the scope of — (except if the - forms part of O); Dy, . .., D, do not contain undischarged

assumptions; k € N; {@51, NI S rk.
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[¢(04 /[NE, m])]

BSML® axiomatization BSML axiomatization
[e]e]e]e) {elelele] lelele)

[6(O5, /[N, m])]

D Dy D,
¢ X % X NEE(*)
(*) The occurrence at index m is not within the scope of - or &; keN; {O,...,0,} = r.

References

Let X’S‘ =Vies Xﬁ,. By classical completeness + Xﬁ, where s is such that for each k—th Hintikka

formula xX,, there is a w € s such that x* - x%,.
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[6(©% /[NE, m])] [6(©f /[NE, m])]
D Dl Dn
¢ X % X NEE(*)
(*) The occurrence at index m is not within the scope of - or &; keN; {O,...,0,} = r.

Let Xé‘ =Vies Xﬁ,. By classical completeness + Xﬁ, where s is such that for each k—th Hintikka
formula xX,, there is a w € s such that x* - x%,.

Then it can be shown that ¢ - ¢(x% A NE/[NE, m]). Let ¢ := ¢(x* A NE/[NE, m]).
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[6(©% /[NE, m])] [6(©f /[NE, m])]
D Dl Dn
¢ X > - X NEE (*)
(*) The occurrence at index m is not within the scope of - or &; keN; {O,...,0,} = r.

Let Xé‘ =Vies Xﬁ,. By classical completeness + Xﬁ, where s is such that for each k—th Hintikka
formula xX,, there is a w € s such that x* - x%,.

Then it can be shown that ¢ - ¢(x% A NE/[NE, m]). Let ¢ := ¢(x* A NE/[NE, m]).

Consider the case in which |s| = 2. Let x& = x& v xk .
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[6(©% /[NE, m])] [6(©f /[NE, m])]
D Dl Dn
¢ X > - X NEE (*)
(*) The occurrence at index m is not within the scope of - or &; keN; {O,...,0,} = r.

Let Xé‘ =Vies Xﬁ,. By classical completeness + Xﬁ, where s is such that for each k—th Hintikka
formula xX,, there is a w € s such that x* - x%,.

Then it can be shown that ¢ - ¢(x% A NE/[NE, m]). Let ¢ := ¢(x* A NE/[NE, m]).
Consider the case in which |s| = 2. Let x& = x& v xk .

Assume ¢(xk, A L/x% )(xk, A L/xE,) for INETrs. This is equivalent to ¢(L A NE/[NE, m]),
which gives x via the l-rules.
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[6(©% /[NE, m])] [6(©f /[NE, m])]
D Dl Dn
¢ X > - X NEE (*)
(*) The occurrence at index m is not within the scope of - or &; keN; {O,...,0,} = r.

Let Xé‘ =Vies Xﬁ,. By classical completeness + Xﬁ, where s is such that for each k—th Hintikka
formula xX,, there is a w € s such that x* - x%,.

Then it can be shown that ¢ - ¢(x% A NE/[NE, m]). Let ¢ := ¢(x* A NE/[NE, m]).
Consider the case in which |s| = 2. Let x& = x& v xk .

Assume ¢(xk, A L/x% )(xk, A L/xE,) for INETrs. This is equivalent to ¢(L A NE/[NE, m]),
which gives x via the l-rules.

Assume 1 (xk, A L/xE )(xk, ANE/XE,) for INETrs. This is equivalent to ¢(x%, A NE/[NE, m]),
which gives x by assumption.
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[6(©% /[NE, m])] [6(©f /[NE, m])]
D Dl Dn
¢ X > - X NEE (*)
(*) The occurrence at index m is not within the scope of - or &; keN; {O,...,0,} = r.

Let Xé‘ =Vies Xﬁ,. By classical completeness + Xﬁ, where s is such that for each k—th Hintikka
formula xX,, there is a w € s such that x* - x%,.

Then it can be shown that ¢ - ¢(x% A NE/[NE, m]). Let ¢ := ¢(x* A NE/[NE, m]).

Consider the case in which |s| = 2. Let x& = x& v xk .

Assume ¢(xk, A L/x% )(xk, A L/xE,) for INETrs. This is equivalent to ¢(L A NE/[NE, m]),
which gives x via the l-rules.

Assume 1 (xk, A L/xE )(xk, ANE/XE,) for INETrs. This is equivalent to ¢(x%, A NE/[NE, m]),
which gives x by assumption.

Similarly ¥(xs, ANE/x;,) (X, A L/x4,) = X and $(xs, ANE/xy,) (X, ANE/XG,) F X

So ¥ + x by iterated applications of LNE Trs.
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Completeness
The idea: simulate the disjunctive normal forms using "instantiations” [7]. In an
instantiation ¢¢ for a formula ¢, each atom 7 is replaced by some ©2 such that s = ¥

o = oy

pV (g ANE) — @(s)pv(egq ~r@%)
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Fy: the set of all instantiations of ¢
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Completeness
The idea: simulate the disjunctive normal forms using "instantiations” [7]. In an
instantiation ¢¢ for a formula ¢, each atom 7 is replaced by some ©2 such that s = ¥

o = oy

pV (g ANE) — @(s)pv(@gq ~r@%)

Fy: the set of all instantiations of ¢
Since for each atom 7 we have ¢ = W (u1.5)ep ©2, where P = [|n|| = {(M,s) | M, s = ¢},
then assuming that w distributes over everything:

o=\ Fo
And given rules that simulate w:

V¢f€F¢!¢f|—¢
if VoreFy:T, -1, then T, -1
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Problem: in BSML, w does not distribute over <. For instance &(p W q) B Op w Og.
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Solution: we treat maximal modal subformulas as atoms: pA > Oqg=— @(S)p

A ©2

Sonq”
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Problem: in BSML, w does not distribute over &. For instance O(pw q) H Op w Oqg.
Solution: we treat maximal modal subformulas as atoms: pA > Oqg=— @gp A ©?2

Song”

Lemma (w-distributive form): ¢ € BSML implies ¢ i+ ¢’ where
¢’ does not contain NE within the scope of a &, and is in negation normal form
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Problem: in BSML, w does not distribute over &. For instance O(pw q) H Op w Oqg.

Solution: we treat maximal modal subformulas as atoms: pA & 0q=— @gp A @EODq.

Lemma (w-distributive form): ¢ € BSML implies ¢ i+ ¢’ where

¢’ does not contain NE within the scope of a &, and is in negation normal form

An instantiation ¢ of ¢ in w-distributive form:
each NE is replaced by some @gf where sf = NE

each n e {p,-p, OV, 00} is replaced by some Xﬁf =V Xﬁ, (sr =m; k=md(n))

WESyr
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Problem: in BSML, w does not distribute over &. For instance O(pw q) H Op w Oqg.

Solution: we treat maximal modal subformulas as atoms: pA & 0q=— @gp A @EODq.

Lemma (w-distributive form): ¢ € BSML implies ¢ i+ ¢’ where
¢’ does not contain NE within the scope of a &, and is in negation normal form

An instantiation ¢ of ¢ in w-distributive form:
each NE is replaced by some @gf where sf = NE

each n e {p,-p, OV, 00} is replaced by some Xﬁf =V Xﬁ, (sr =m; k=md(n))

WESyr

¢=VFy
VoreFy:o0r ¢
if VoreFy:T,0r 1), then 9o+
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PEY
= VFREVF
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